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This document is meant to summarize the explanations given during the Exercise Session. For
extensive explanations, please watch the video recording of the tutorial.

1 Notation

In a mobile robotics setting, we typically encounter a (fixed, stationary) world frame W and a
(potentially moving) camera frame C. Let us consider a point yyp, where the pre-subscript W
indicates that this coordinate is given is world frame. If we want to express the point in the
camera coordinate frame, we need to apply a transformation, see Fig. [l This transformation
can be described by a rotation matrix Reyy and a translation ¢teyy and we say “we transform
the point from the world to the camera coordinate frame” or, equivalently, “we express the point
in the camera frame”. Mathematically,

cp = Rewwp +ctew

All the letters written in red correspond to the frame we want to express the point in. The letters
in blue are the frame the point is currently expressed in. All red and blue letters must match
for the transform to be valid!

We can also unify rotation and transformation into one operation by using homogeneous coordi-
nates. Let p = [r s t]", then we can convert this point to homogeneous coordinates by adding
a 1 to the vector, as follows p = [r s ¢ 1]T. We can now rewrite the transformation above as

cp = [Rewlctew]wp

If we want to ensure the result of the transform is also in homogeneous coordinates, we append
a row to the transformation T¢yy matrix. We get

Rew € R3%3 ctew € R3x1

0 ¢ RIX3 ) ; cp = Tewwpb

Tew =

Figure 1: Setting considered for the notation: Frame C is the camera frame, VW the world frame.
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2 Example in 3D

2 Example in 3D

In this example the goal is to find the transformation from coordinate system A to C. That is,
by applying our transformation we want to be able to express a point from coordinate system A
in coordinate system C. See Fig. [2] for illustration and specification.
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Figure 2: Setting considered for the exercise: Find the transformation from frame A to C.

2.1 Option 1: Concatenating transforms

The mathematically most rigorous option to solve this task is by concatenating transformations.
In this example we will use passive rotations, that is we rotate the coordinate frames (so all our
matrices are the transposed w.r.t the wikipedia F_-[) In this case our job is to transform frame
A into C' with small steps. In this iterative approach we have to append the transformation
matrices to the left. Verbally, the order of operations is the following:

1. Translation: Shift coordinate system A by 3 units into positive z 4 and by 2 units in positive
z4. Note that if we start with the translation, this is tricky in one aspect: we always need
to express the vector pointing from C to A for the translation, if we want to transform
from frame A to frame C. So the translation is not [3 0 2]" but actually [-3 0 —2]T!

2. Rotation 1: Rotate A by 90 degrees around its y4 axis. This will ensure that the x4 and
the ¢ axis align. We refer to this intermediate frame as A’.

3. Rotation 2: Rotate A’ by negative 30 degrees around its x4 axis. Note, this rotation
is around the new x-axis x4/! And because this axis points downwards, it’s negative 30
degrees.

The operations describe above need to be composed from right to left, e.g. the first operation is
the rightmost! Mathematically (using homegeneous coordinates):

1 0 0 0 cos(7/f2) 0 —sin(7/2) 0 100 -3
T — 0 cos(—7/6) sin(—7/6) O » 0 1 0 0 o 010 O
CA= [0 —sin(—7/) cos(—7/5) O sin(72) 0 cos(t2) 0 00 1 -2
0 0 0 1 0 0 0 1 00 0 1
Rotation 2 Rot;cfion 1 Translation
0 0 -1 2

sin(—7/6) cos(—7/6) 0 —3sin(—7/6)
cos(—7/6) —sin(—7/6) 0 —3cos(—7/s)
0 0 0 1

The signs in the above example are only written for illustrative purposes. Of course, in an exam,
you would be expected to simplify for example — sin(—7/6) = sin(7/6) = 0.5.

"https://en.wikipedia.org/wiki/Rotation_matrix
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2 Example in 3D

2.2 Option 2: Shortcut
Instead of concatenating all the transforms an performing many matrix multiplications, an easier
way is to do the following:

1. To find the translation, express the origin of coordinate system A in the coordinates of C.

2. To find the rotation, write the basis vectors of A in the coordinates of C' and put them as
columns in the rotation matrix.

For the translation, we readily obtain (note the angle is now 7/6 as we can’t differentiate whether
there’s individual minus signs anywhere!)

ctoa=[2 3sin(v/e) —3cos(v/)]
For the rotation, we obtain

Roa = [cxa cya cz4
0 0 —1
= | —sin(7/6) cos(7/6) 0O
cos(7/6) sin(7/6) 0

All that remains is to compose the final transformation as shown above

RCA€R3X3 C’tCAGRgXl

Ty —
oA 0 € RIx3 1
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